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Abstract 

We discuss the computation of quantum corrections near long JIB 
superstring configurations in AdS^ x space which are related to the 
Wilson loop expectation values in the strong coupling expansion of the 
dual AA = 4 SYM theory with large A^. We use the Green-Schwarz de- 
scription of superstrings in curved R-R backgrounds and demonstrate 
that it is well-defined and useful for developing perturbation theory 
near long string background. 
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1 Introduction 



Further progress in clarifying the relation between strings and large (non) 
super symmetric gauge theories depends on better understanding of super- 
strings in AdS-type spaces with Ramond-Ramond (RR) fluxes ^ If. The 
simplest most symmetric example is provided by AdS^ x 5*^ background of 
type IIB superstring theory. One could hope that this theory, though quite 
nontrivial being dual to large N A/" = 4 Super Yang-Mills theory , should 
be, like the flat superstring, explicitly solvable. 

To be able to treat this theory in an efficient way one is to use the Green- 
Schwarz (GS) approach |^ where one views the string as moving in a super- 
space (x™^, 9^) with 6''s being space-time spinors. Then the coupling of the 
string to RR background has a local form 9T'"9dxdxF^^ ., just like its coupling 
to the curvature. It is useful to note that while the string "feels" the met- 
ric already at the classical level, it interacts with the RR background only 
through its quantum fluctuations. 

There seems to be no alternative to the GS-type description: even the 
simplest one-loop computation in GS formalism like the one described in 
would require a summation of infinite number of diagrams with any number 
of flat-space RR vertex operator insertions if done in NSR formalism. In fact, 
the use of GS action is very natural from "solitonic" point of view. If one 
views fundamental strings as "electric" -type objects appearing in D = 10 su- 
pergravity, the effective action for collective coordinates of a long such string 
will naturally have a GS form, as dictated by the residual space-time (su- 
per) symmetries (the characteristic non-linear dx9r' '9 kinetic term originates 
from the standard Dirac D = 10 fermion action reduced to the world surface 
of the string, with Dirac matrices becoming the projected ones). The theory 
should of course contain not only long but also short strings which should 
also be described by the same manifestly space-time supersymmetric action. 

A simple way to construct the fiat space GS action is to view strings as 
propagating in flat coset superspace = (10-d super Poincare group)/( 10-d 
Lorentz group). The action is then a kind of Wess-Zumino-Witten action 
which has global supersymmetry and local K-symmetry which ensures the 
correct number of the fermionic degrees of freedom. It is defined in terms 
of the basic objects which are the left-invariant Cartan 1-forms on the type 
IIB coset superspace Q-^dG = L^P^ + L^Qj , = dX^^ljj, X^^ = (x, 9), 
where [Pa,Pb] = 0, {Qi,Qj} = -2i6ij{CT^)Pj^ and G = G{x,9) is a 
coset representative G{x,9) = exp^x^P^ + 9^Qj). The coset space vielbeins 
are given by L"^ = dx^ — i9^V^d9^ , = d9^ . Here x"^ are flat bosonic 
coordinates and 9^ (/ = 1,2) are two left Majorana-Weyl 10-d spinors. The 
general form of the action is 

S = -lf d'a^g^'^L^li+z f H, H = A{VT^ M^) , (1) 

where s^'^ = diag(l, —1), 2Tia' = 1 and dH = 0. The 2-d metric g^^i, (/x, z/ = 
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0, 1) has signature (— , +), and g = —detg^^p. The first "kinetic" term in the 
action has "degenerate" metric, containing only the square of translational 
but not spinor Cartan forms, as the latter would lead to an action quadratic 
in fermionic derivatives and thus to potential non-unit arity. The explicit 2-d 
component form of the GS action is 

5o = 1 rfV [ - \^g''''{d,x^ - i¥T%e'){d,x^ - i¥T^d,e') 

(2) 
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The key observation that allows one to construct the GS action for super- 
strings in AdS^ X is that this bosonic space is a coset 

G/H = 50(2,4)/50(l,4) X SO{6)/SOi5) 
and also has maximal supersymmetry. As a result, one can consider strings 
moving not in flat superspace but in supercoset space with the right bosonic 
part and right number supersymmetries: one is to replace the 10-d su- 
per Poincare group by a smaller one PS'?7(2,2|4) and the Lorentz group 
S0{1,9) by its subgroup S'0(l,4) x S0{5), i.e. to consider the supercoset 
PSt/(2,2|4)/[^0(l,4) X S0{5)] §, which still has 10 bosonic and 32 Grass- 
mann dimensions. 

The bosonic part of the GS action is simply the standard symmetric space 
sigma model L = Tr[[g~^dg)c/H]'^- This is obviously not a conformal sigma 
model; it is the addition of the fermions 6 that converts it into a conformal 
2-d model of a novel type. The fermions couple the AdS^ and parts of 
the action together and contribute the RR 5-form term to the beta-function 
of the metric making it vanish |Q, — {.F^F^)mn = 0. 

The superalgebra psu{2, 2|4) plays the central role in the construction of 
the GS action in AdS^ x S*^ 0. Its even part is the sum of the algebra so(4, 2) 
which is the isometry algebra of AdS^ and the algebra so(6) which is the isom- 
etry algebra of S^. The odd part consists of 32 supercharges corresponding to 
32 Killing spinors in AdS^ x vacuum 0| of type JIB supergravity p]. In the 
"5-1-5" split its generators are: {Pa, Jab', Pa',Ja'B'', Qaa'i), i-e. the the two 
sets of translations and rotations in so(2,4) and so{6) {A = 0, 1, ...,4; A' = 
1,...5) and 32 supercharges (a = 1,2,3,4; a' = 1,2,3,4). The commu- 
tation relations of psu{2,2\4:) in so(4, 1) © so(5) basis are [Pa, Pb] = 
Jab , [Pa', Pb'] = -Ja'b' , [J^^ J^^] = v""^ J^"" + [^^'^', ^^'^1 = 
^b'C'jA'e' ^ _ [g^^ p^] ^ -te„Qj7^ , [Qi, Jab] = -^Qhab , [Qi, Pa'] = 

\^ijQjlA' , [Qi, Ja'B'] = -\QilA<B', and 

+ ^ij'^ai^i{C^^^)apJAB — Cap{C'^^^ )a_ifi'JA'B'\ , (3) 

where C, C are charge conjugation matrices. Then G^^dG = L'^P'^ + 
llABjAB j^iA'pA' ^ iL^'^' J^'^' +L^°°'gw , and the coset representative 
can be parametrised as 0) = g{x) exp(6' • Q). 
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Following the same steps as above in the construction of the flat space GS 
action one finds that there exists a unique action of the type (|T]) which has 
the required properties: its bosonic part is sigma model on AdS^ x 5*^ , it has 
local K-symmetry and global PSU{2,2\4) symmetry, and it reduces to the 
standard GS action in the flat space limit. The action has the same struc- 
ture as (|lD but now in terms of the 1-forms corresponding to the supercoset 
PSU{2,2\A)/[SO{l,A) X S0{5)]. The leading terms in the resulting action 
are essentially the covariantisation of the flat space action with the ordinary 
derivatives on 6''s replaced by generalized AdS^ x covariant ones (contain- 
ing extra terms linear in Dirac matrices that correspond to the interaction 
with RR background). 

As in the standard WZW model case it is possible to argue that this ac- 
tion defines a conformal sigma model |TB[: (i) the WZ term in the action 
is not renormalized since the divergences are local and manifestly covariant, 
while the WZ term is not; (ii) the kinetic term in the action can be renor- 
malized only by an overall constant because of the global symmetries of the 
sigma model; (iii) assuming that K-symmetry is preserved by regularization, 
it should relate the coefficients of the kinetic andthe WZ terms as it does at 
the classical level (i.e. K-symmetry plays the role of the affine symmetry in 
WZW model). 

The explicit form of all higher order terms in 6 in the action of 0] can be 
found in @, |T^. Fixing a "covariant" ^-symmetry gauge (e.g. 9^ = Tqi239'^) 
one gets a relatively simple action which contains terms of quadratic and 
quartic order in fermions only |jTl], |l2l. The resulting action has the same 



feature as the flat space GS action: its fermionic kinetic term is coupled to 
derivative of all bosonic string coordinates. It is non-degenerate when ex- 



panded near "long" string configuration |]T3|, and thus the GS action provides 
a well-defined and useful tool for computing quantum corrections to "long" 
string configurations ending on Wilson loops at the boundary of AdS^ 



la, 15 



The bosonic part of the action for a string in AdS^ x is the sigma 
model corresponding to the space-time metric (m = 1, . . . , 4) 

ds^ = R^\J-( dw^ + dx'^dx'^) + dQl \ . (4) 

The a' expansion corresponds to the large 't Hooft coupling A expansion in 
the dual gauge theory, with the leading classical contribution proportional 
tof = v^|Tl. 

2 Quadratic approximation 

The part of the action in quadratic in 9^ is a direct generalization of the 
quadratic term in the flat-space GS action (^ 

SP = 1 1 d^a{^g^'5'' - e^^s'')¥p^DJ-' . (5) 
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Here are projections of the 10-d Dirac matrices, 

= T^EZd.x^' = {TAEt, + rA'Et;)d,x^ , (6) 

and E]l^i is the vielbein of the 10-d target space metric. The covariant deriva- 
tive Dfj^ is the projection of the 10-d derivative Dm = du + j^^M^^mn — 
_L.pmi...m5p^^ e*FAj...m5 which appears in the Kilhng spinor equation of type 
IIB supergravity, 

D^e' = (^S'-'D, - '-e''p,^ e\ p,= (VAEti + zTa'E^) d,x^ , (7) 

where = 9^ + ^dfj,x'^^uj'^"'T^fi and the term with originates from the 
couphng to the RR 5-form field strength (note that E^ is proportional to the 
e-tensors on AdS^ x ). The presence of the generalized "Killing spinor" 
covariant derivative explains why the action has 32 global supersymmetries. 
Fixing the natural type IIB /t-symmetry gauge 6^ = 6^ = 6 one finds from 

SP = 2ij d^al^^g^-^ep^D^e - '-e^-Op^p^e^ . (8) 

This action gives a well-defined fermion kinetic term if one expands near 
generic "long" string configuration. It is easy to check directly that the 
bosonic AdS^ x sigma model becomes indeed 1-loop finite when supple- 
mented by the fermionic action (|]) |^ with the "mass term" in (|^) originating 
from the RR coupling playing the crucial role. 

The kinetic term in GS action in curved target space background 
involving ^'s which are world- volume scalars can be transformed into the 
"2-d spinor" form, i.e. into the standard kinetic term for a set of 2-d Dirac 
fermions defined on a curved 2-d space. In the flat space case expanding the 
GS action near x° = r, x^ = a one concludes that (e.g. in the 6^ = 9"^ gauge) 
the kinetic fermionic term takes the form OV^daO, a = 0, 1, so that choosing 
the representation of 10-d Dirac matrices where r°'^ are proportional to 2-d 
Dirac matrices one may re-interpret the action as the one for a collection of 
2-d Dirac fermions. 

In general, to achieve a similar transformation one is to apply a local 
target space Lorentz rotation to GS 9 (as discussed previously mostly in 
fiat space in fl^)- Identifying the 2-d metric gfj^i, with the induced met- 
ric Gmndfj.x"^duX"' we can write the first covariant derivative term in (|]) as 
i J d'^a ^/gg^" {Op^dyO — dJ^p^O). Introducing the tangent (m = 0, 1, 9, 
a = 0, 1) and normal (s = 1, 8) vectors to the world surface which form 
orthonormal 10-d basis {g^^ = e'^e^ri^f]), i-e. C = e^<9^^™, (^0,^/3) = Vap, 
{ta,ns) = 0, {ns,nu) = Ssu, where (a, 6) = GmnCi^b"', one can make a lo- 
cal 5*0(1,9) rotation of this basis which transforms the set of a-dependent 
10-d Dirac matrices into the 10 constant Dirac matrices Pa(c") = e^p^ = 
S{a)T^S-^{a), p,(a) = n™^;^!^ = S{a)TsS~\a). One may further choose 
a representation in which Fq, = Tq, x /§, where Tq, are 2-d Dirac matrices. 
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Depending on specific embedding and particular curved target space metric, 
one may then be able to write the action as the action for 2-d Dirac 
fermions coupled to curved induced 2-d metric and interacting with some 
2-d gauge fields (coming from S~^dS). 

Simple examples of when this happens ||^ will be discussed below. We 
shall consider embeddings of the string world sheet into the AdS^ part of the 
AdS^ space, so that there will be only one normal direction and the extra 
normal bundle 2-d gauge connection will be absent. 

3 One-loop partition function for "straight" 
string 

The simplest classical solution for string in AdS^ x S"^ is a straight string 
with the world surface spanned by the radial direction of AdS^ and time. 
The Euclidean solution and the corresponding induced metric are 

x^ = T, x^ = w = (T, ds^ = ^{dr^ + da^) . (9) 

The induced metric on the world sheet is that of AdS2, with constant neg- 
ative curvature i?*^^^ = —2 (we set the radius R of AdS^ to 1). This solu- 
tion corresponds to a single straight Wilson line at the boundary running 
along the Euclidean time direction. This is a BPS object in string theory 
(and boundary gauge theory): it corresponds to a static fundamental string 
stretched between a single D3-brane (placed at the boundary of AdS^) and 
N coinciding D3-branes (placed at the horizon and supporting AdS^ x 
by their RR flux). Therefore, the partition function should be equal to 1. 
The properly defined (subtracted) classical string action evaluated on this 
background vanishes, and the corresponding 1-loop correction to the vacuum 
energy defined with respect to a certain time-like Killing vector vanishes too 
(see below). Relating the vacuum energy to the partition function using a 
conformal rescaling argument one concludes that Z = 1 0] .[| The calculation 
of the partition function is rather subtle, and depends on a regularization 
prescription and proper inclusion of measure factors. For practical appli- 
cations, the precise value of Z (which is simply a constant) is not actually 
important, and one may normalize with respect to it in computing Z for 
more general string configurations. Any smooth Wilson loop looks in the 
UV region like a straight line. This translates into the behavior of the min- 
imal surface near the boundary of AdS^ space. In the general case one will 
have to calculate the partition function for a complicated two dimensional 
field theory. But asymptotically the minimal surface will approach AdS2, and 

""^It should be mentioned that while the properly defined vacuum energy of a supersym- 
metric field theory in AdS space should vanish, this does not automatically imply (in 
contrast to what happens in fiat space) that the partition function of such theory should 
be equal to 1 (cf. |lll). 
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the small fluctuation operators (in particular, the asymptotic values of the 
masses of the fluctuation fields) will also be the same as for a straight string. 
Subtleties related to divergences and asymptotic boundary conditions can be 
automatically avoided in more general cases by normalizing with respect to 
the partition function of the straight string. 

The bosonic part of the action for small fluctuations in conformal gauge 
turns out to be (a, b are the tangent indices of AdS^ part and p of part) 

S2B = lJ d'a^ (d^CD.C + X,,CC' + D^CD.C) , (10) 

where Xab = diag(l, 2, 2, 2, 1). The only non-trivial components of the co- 
variant derivative are -DoC° = d^C,^ — w~^C,^, DqC,^ = do('^ + w~^(^. Because of 
the direct embedding of the world sheet into the target space the projection 
of the target space connection on the world sheet is the same as the spin 
connection of the induced metric and thus the action of the conformal gauge 
ghosts is identical to the action of the longitudinal modes 

The quadratic part of the fermion action in the 6^ = 6"^ gauge (P) is 

= -2i^{dp^'V,9 + 2^p3^), P3 = \e''^Pc.Pp = ro4 , (11) 

where = (ro,r4) may be identified with (2-d Dirac matrices) xJg. Thus 
the quadratic fermionic part of GS action has exactly the same form as the 
action for 2-d fermions in curved AdS2 space with a mass term. Assuming 
the standard / d'^a^OO normalization, the corresponding Dirac operator is 

^P'' -P3 = iw{-Todo+Tidi ) - lzr4 -ror4 and its square is - + \R'^^'^ + 1 . 

Ignoring the ghosts and longitudinal modesQ we are left with a 2-d field 
theory on AdS2 containing 5 massless scalars, 3 scalars with (mass)^ =2, and 
eight fermions with (mass)^ =1. Supersymmetric field theories on AdS2 were 
studied, e.g., in 0, The fields in the = 1 scalar supermultiplet 
in AdS2 may have the following bosonic and fermionic masses [^, 
m\ = p"^ — p , mp = p, (yU is a free parameter). We thus have 5 "massless" 
multiplets with p = 1 (m^ = 0, mp = 1) and 3 "massive" multiplets with 
p = —1 {m\ = 2, mp = —1). It is possible to combine a p = 1 and a 
p = —1 multiplet into an A/" = 2 multiplet (the dimensional reduction of 
the 4-d chiral multiplet to 2 dimensions). Two p = 1 multiplets also form 
an A/" = 2 multiplet (a dimensional reduction of the 4-d vector multiplet). 
Three chiral and one vector multiplets in D = 4 make one A/" = 4 vector 
in four dimensions, and that suggests that the 8 scalars and 8 fermions that 
we have should form one A/" = 8 multiplet in two dimensions (cf. [^). We 
finally obtain the following partition function for the transverse and fermionic 
modes with the scalar and spinor Laplace operators defined with respect to 

^ Their contributions cancel each other modulo a constant related to difference in 
boundary conditions which is crucial for making the full string partition function finite 
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the Euclidean AdS2 metric with radius 1 (R^"^^ = 



-2) 



'B+F 



det«/2 (-V2 + + 1 
det3/2(_V2 + 2)det^/2(-V2) 



(12) 



One should impose proper boundary conditions consistent with AdSn super- 
symmetry |2^. Those imply that the resulting spectra of Laplace operators 
are discrete in spatial direction (and not continuous as one would expect in 
a non-compact hyperbolic space). 

Instead of calculating the partition function directly, we may start with 
the vacuum energy. It is given by the determinant of the operator scaled to 
remove the factor of g^^ 



from in front of (see 



sheet coordinates so that the AdSo metric becomes ds"^ = cos 



T9||). Changing the world 
^p{dt^ + dp^) , 



p G [— f , f] and using the spectra of the Hamiltonians conjugate to the 



time variable t calculated in p6| 

h{p) 
in 12 



(p) = n + \p\ 



+ 1 



UJ. 



n + 



h{p) = i(l + y 1 -|- 4m^) , one finds, summing over all the modes as 
the 1-loop vacuum energy of this effective 2-d field theory 



E 



-| oo 



n=0 



UJ. 



UJ. 



iF)l 



+ 5 



UJ. 



(13) 



The properly defined vacuum energy should vanish in the AdS case as it does 
in fiat space [^, |TH|, ^ (even though divergences may not cancel out, 
unless there is a lot of supersymmetry [^). The direct computation of the 
sum of the mode energies using (^-function regularization gives (using the 
standard relations ({s,x) = I]^o(^ + C(' 



■l,x) 



2 ^ e)) 



E 



3x 2 + 



-5 



5x1 

6 



1 

12 







(14) 



The ratio 3:5 of the numbers of the two multiplets is just what is needed 
for the cancellation. The fact that E, defined by (^-function regularization, 
vanishes should be a consequence of the extended A/" = 8 supersymmetry 
mentioned above. Indeed, while as was found for AdS^ pO| , |18|, 0, the 
C-function regularization may break supersymmetry and thus may lead to 
E ^ 0, this does not actually happen in the case of > 5, c? = 4 gauged 
super gravities |2^. The present d = 2 case is thus analogous to those d = i 
cases with large amounts of supersymmetry. 

In curved (e.g., static conformally flat) space the logarithm of the parti- 
tion function is, in general, different from the vacuum energy defined as a sum 
over eigen-modes because the time derivative part of the relevant elliptic op- 
erators is rescaled by g^^. The determinants of the two operators which differ 
by such a rescaling are related to each other by a conformal anomaly type 
equation. Taking this into account one finally concludes that Zfot = 1- 
This result is a consequence of = as well as of the cancellation of the 
sum of conformal anomalies for ten bosons with total mass terms 8, eight 
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fermions with 4 times the standard 2-d fermion conformal anomaly and total 
mass 8, and the conformal gauge ghosts. 

Similar results are found in the case of the string world sheet ending on a 
circular Wilson loop at the boundary, where the induced geometry is again 
AdS2 i- 

4 One-loop correction to "bended" string 
or rectangular Wilson loop 

Analogous calculation of the one-loop correction can be done in the case of 
the "bended" string configuration with both ends being at the boundary of 
AdS^ separated by distance L in a spatial direction, and representing the 



rectangular (T, L) Wilson loop in the boundary gauge theory |]T4 



The corresponding minimal surface was found in and the classical 
value of the string action (equal to the minimal fermions vanish at 

the classical level) accounts for the leading large 't Hooft coupling A = ^ 

behavior (^^^ = of the "quark - anti-quark" (W-boson) potential in 

the large N N' = 4 SYM theory. On general grounds, in this conformal field 
theory the Wilson loop should be < W{C) > ~ exp[-TV{L)], V{L) = 
where / — >■ /o = diX + d2X'^ + ■■■ at weak coupling and AdS/CFT duality 
predicts [|I4| that / — * /oo = co"\/A + Ci + 0{-^) at strong coupling. It is 



natural to expect that there is a smooth function /(A) which interpolates 
between the two expansions. The first correction ^ to the strong-coupling 
expansion of the potential is determined by the one-loop {a') correction to 
the string partition function (see also [^] for related discussions). 

The use of the GS action of @] as a starting point for this one-loop 
calculation was suggested in |0 (were the fermionic contribution was found 
in the gauge 9 = roi23 6^) and it was completed in ||15|, 



Writing the AdS^ x metric {R = 1) as ds'^ = y'^dx'^dx'' + ^ + dVll 
where y = = w~^, the string configuration is described by 

^° = rG(0,T), x'=ae{~^,^), y = y{a) , (15) 



where y{a) extremises the action S = i^^T J da\/y''^ ^ y^, i.e. is deter- 
mined by the second-order equation yy" = 4?/'^ + 2?/^ with the first integral 
being y'^ = - y'^^ y^ = = = [TTIF ' induced 2-d metric 

takes the form ds'^ = y'^dr'^ + y^da"^, R^'^'^ = —2(1 + y~'^). The indiced ge- 
ometry is asymptotic to AdS2'- if we change the coordinate a to y the metric 
becomes ^ 

ds'^ = y'^dr'^ + — ^ — ^dy'^ , yo < y < oo . (16) 
r - I/O 

The 1/0 = limit corresponds to the straight string configuration where the 
metric becomes that of Euclidean AdS2 space (with < y < oo). 
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In the flat space limit {R oo) one finds that the quantum correc- 
tion to the rectangular Wilson loop vanishes because of the cancellation of 
the bosonic and fermionic contributions due to effective 2-d supersymmetry 
present after gauge fixing. The 1-loop ^ correction to the effective potential 
should not, however, vanish in the present curved space case as there 



is no reason to expect that the action expanded near the solution y = y{a) 
should have an effective world-sheet supersymmetry. 

The bosonic fluctuations near this bended string configuration were anal- 



ysed in [15, ffl. As in the straight string case the one-loop bosonic partition 



function in the static gauge is again expressed in terms of massive and mass- 



less scalar determinants in induced 2-d geometry. In the static gauge ||T5 
4^*'^*-) = det-2/2 (- + 2) det-1/2 /_^2 ^ ^(2) ^ 4\ /_^2\ (^7) 



while in the conformal gauge 



Z 



(conf.) 



detV2(-D^, + X.,)det^/^(-V2)' ^ ^ 

where = 25,, - g>^'^r]^r]^ , rj^^ = {y, 0, 0, 0, 0) , r],- = (0, y, 0, 0, y'^) (we 
set j/o = !)• The two expressions are equivalent once supplemented with 
constant factors related to gauge fixing. 

As discussed above, a systematic way to put the fermionic contribution 
into that of massive 2-d Dirac spinors in induced 2-d geometry is to perform a 
local Lorentz rotation. The quadratic part of the fermionic action depends on 
Po = yFo , pi = yTi + y~^y'T4^ , Df, = d^ + ^yTf^T^. Using the gauge 9^ = 9"^ 
(and Minkowski signature) one observes that the combination of Fi and r4 
which appears in pi can be interpreted as a (local, cr-dependent) rotation of 
Fi in the 1-4 plane STiS~^ = cos a Fi-l-sina F4 = y~'^Ti+y~'^y'T4 = y~^pi , 
where S = exp (— fFiF4^ , cos a = y~'^ , a' = ^ = 2y . Making the field 
redefinition 9 ^ = S^^9 , one obtains 



.2F = 2zv^ (^r^'V^^ + i^n^) , ra = ^r^r, = FqFi , (ts)' = 1 . 

(19) 

Choosing a representation for F, such that Fo,i are ~ 2-d Dirac matrices, i.e. 
Fo = i<y2 X -^8 5 Fi = (Ti X /§ , T3 = FqFi = cts X Jg, we end up with 8 species 
of 2-d Majorana fermions living on a curved 2-d surface with a (T3 mass term. 
Assuming that fermions are normalized with the square of the resulting 
fermionic operator is then — -|- ^-R*-^-* + 1, where = ^^^'^(^/^V^) and V 
is the covariant 2-d spinor derivative of the induced metric. Equivalent results 
for the fermionic contribution were found in the "3-brane" gauge 9^ = ?F46'^ 
and in a different k- symmetry gauge in ]T3|. 



Combining the contributions of bosons in the static gauge and fermions 
in the 9^ = 9^ gauge the total expression for the 1-loop partition function of 
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a "bended" string in AdS^ x is thus JTS 



det^/^(-V^ + ^i?(^) + l^ 



det'/' (-V2 + 2) det^/' (-V2 + i?(2) + 4) det^/' (-V^) 



(20) 



where Zq is a gauge fixing (measure) factor which is the same as in the 
fiat {R —>■ oo) hmit. In particular, this factor is crucial for cancellation 
of the topological (loge / i?*-^-*) divergence present [15] in the ratio of the 
determinants. The key point is that the cancellation of this divergence in 
the one-loop approximation in curved target space is essentially the same 
as in the fiat space, where to demonstrate that logarithmic Euler number 
divergences cancel (as they should to match the cancellation of conformal 
anomalies in D = 10 superstring) one is to take into account various zero 
mode normalization factors in the string path integral measure |^O|].0 To 
avoid questions about boundary terms (and details of topological infinity 
cancellation) one may normalize the partition function for each field by the 
partition function of an equivalent field in the straight string configuration, 
i.e. divide the partition function for the noncompact hyperbolic negative 
curvature 2-d space (|l^) by the partition function for the AdS2 case.0 Since 
the indiced 2-d geometry is static, the calculation of the partition function 
and thus of the one-loop coefficient ci in the potential V{L) reduces to de- 
termining the spectra of one-dimensional Schrodinger operators, a tractable 
problem. A crude estimate for the resulting coefficient Ci was discussed in 



5 Conclusions 

To conclude, the Green-Schwarz action for the type IIB superstrings in 
AdS^ X 5*^ background provides a natural and well-defined starting point 
for developing a' perturbation theory near "long" string configurations. The 
resulting partition function can be interpreted as that of an effective 2-d 
quantum field theory in curved induced 2-d geometry. The one-loop string 

^One should note also that in performing a local target space rotation that transforms 
the quadratic GS fermion term into the 2-d fermion kinetic term the resulting Jacobian 
depends on the 2-d metric and its contribution explains why the conformal anomaly of 
a GS fermion is 4 times bigger than that of a 2-d fermion. This is crucial for understanding 
how conformal anomalies cancel in Z? = 10 GS string. 

Since the topology and the near-boundary (large y) behavior of the two metrics is 
the same, this eliminates the problem of carefully tracking down all boundary terms in 
the expressions for the determinants and allows one to ignore the boundary contributions 
as well as the total derivative bulk terms (such as the logarithmically divergent terms 
proportional to / (Pa^/gR^^^). The ratio of the determinants for the metric ( [l6| ) and for 
its y^j — Q limit will be finite and well-defined. This is the standard recipe of defining 
the determinants of Laplace operators on (e.g. 2-dimensional) non-compact spaces by 
using fiducial metrics of constant negative curvature which have the same topology and 
asymptotic behavior. 
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correction is already sensitive to details of the string coupling to RR back- 
ground and would be hard to reproduce in the standard NSR formalism 
where the RR vertex operator is defined near fiat space. One may hope 
that progress towards understanding the spectrum of "short" closed strings 
in AdS^ X and thus large N superconformal YM theory for any value of 
A may be achieved using a light-cone gauge approach like the one initiated 



in 
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